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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE NO. 103L _ ' o

BENDING-TORSION FLUTTER CALCULATIONS MODIFIED
BY SUBSONIC COMPRESSIBILITY CORRECTIONS -

By I. E. Garrick’
SUMMARY o

A number of calculatlions of bending-torsion wing
flutter are made at two Mach numbers, M = 0 (incom-
pressible case) and M = 0.7, and the results are com-
pared. The air forces employed for the case of M-= 0.7 -
are based on Fragzer's recalculation of Possio's results, -
which are derived on the assumption of small disturbances ) .
to the mein flow. For ordinary wings of normal density
and of low Pbending freguency in comparison with torsion
frequency, the compressibility correction to the flutter
spesd appearsfto be of the order of a few percent; whereas,
the correction to the flutter speed for high-density wing
sections, such as propeller sections, and to the wing-
divergence speed in general may be based cn a rule using

the (1 - Mz)l/h' factor and, for M = 0.7, represents
a decrease of the order of 17 percent. ’ o

INTRODUCTION o B

The guestion of the influence of the compressible
properties of a gas on wing flutter is, of course, T
directly tied to the primary problem of determining the =3
air forces and moments on oscillating airfolls moving dt -
high forward speeds. 'This problem has been attacked by
Possio (reference 1), along lines indicated By Prandtl, by =
a procedure utilizing the pressure or acceleration poten-
tidl and ‘the method af linearization of the équation sat- LT
1sfied by the accelerstion potential for small alsturb- - : :
arices " to the main flow. A review.and summgry of Possio's
work with certain simplifications have been given by
Frazer '(reference 2). Frazer and Skan (reference 3)
listed imoroved numerical tables of Possio's results and _
made some numerical applications to the flutter problem. -
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It appeared worth while to psrform additional cal- H
culations elong similar lines utilizing the notations and
parameters more familiar in this country. The present «
report has for its limited cbjective the reporting of the
results of a number of pertinent calculations on bendlng- -
torsion flutter for a stream Mach number M = 0.7 and
the comparison of these results wilth those given in refer-
ence I for the incompressible case based on the Theodorsen
theory (reference 5).

The numerical accuracy of the results of Posslo's
-theory and method deteriorates as M approaches unity
and as the frequency increasss. It -has been estimated . -
that the theory is not safely-avplicable much beyonéd M =0.7,
nor at M = 0.7 for values of the reduced frequency k
much beyord 1. Thus, the transonic or superscnic ranges
of speseds are not considered in the.present paper., The
purely supersonlc case for small disturbances 1s also
tractable and flutter calculations for thls case are belng
prevared.

PROCEDURE L

n the idealized case of a wing with two degrees of .
freedom, wing bending and wing torsion, and baged on two-
dimenslonal air forces, the determinantal equation ylelding
the rlutter condition may ve written in the Lform (refer- _
ences ly and 5) e

Raq + iIgg Rgn + 1Ign
Reg + 1Ica Ren + iIch

The two real equations contained in the complex
determinant may yleld In any given problem the two
unknowns, flutter speed and flutter frequency.

Expressions for the R's and I's in the incompressitle
case are listed following the definitions of the various .
symbols in the appendix, and the evaluation of the terms
is facilitated by the use of table I. 1In the compressitle
cuse the R's and I's are exvressed in terms of the nota- N .
tion of Frazer and Skan (reLerence %), and table II con-_ '
tains values for ¥ = 0. 7 )
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" Instead of a direct sclution of the flutter speed
and flutter frequency for a case in which the wing struc-
tural parameters are glven, it is more convenient to solve
for the parameter wh/ma (the ratio of frequency in
bending to frequency in torsion) which®belongs to the
border~line case of flutter for a definite chosen value
of the parameter 1/k. The elimination of X from the two
equaticns contained in the determinant yields a guadratic

equation in @&yba)a from which wp/wg- may be found

and, subsequently, X may be evaluated; and X, together

with the given value of 1/k, determlnes the flutter speed
and frequency. It is convenient first to perform the .
calculations for the compressible case with M = 0.7 and
finally, in order to furnish the deésiréed numerical com- '
parisons, to perform the calculations for the incomnressible
case (M = 0) wutilizing the glven structural parameters

and the derived values of the frequency ratio wpfieq.

RESULTS AND DISCUSSION

The main numerical results are sumnarlized in table TIT
and are shown plotted in figures 1 to L. (Xo tabular
values are iuncluded for fig. li.) .The ordinate in the
figures is the flutter-speed coefficient v/bwg where bwg

represents a convenlent reference speed. The abscissa Is
the frequency ratio wy /.. '

The parameter K may be considered to determine the
wing density at a given altitude; thus, & = 0.025 rep-
resents the hlighest wing density used and K = 0.2 the
smallest. Alternatively, the change in K may be inter-
preted to represent a change in altitude for a glven wing,
end a change from Kk = 0.10 to. kK = 0.05 may be con-
sidered to represent an. sltitude change from sea level
to an altitude at which p equals one half the density
at sea level, or approximately 18,000 feet. The normal
drop in sonic speed with altitude should be tsken into
account in interpreting M,:-% (see reference 3, fig. 2).

The examples treated may be further classified by values

of the parameter a representina“p051tlons of the tor-
sional élastic axis; thus, a = -0.4, a = -0.2, ‘and a=0"
represent, respectively, elastic axes at 30 percent

4O percent, and 50 percent chord from the leading edge.
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Also xq = 0.2 represents a pOEltlon of the center of
" gravity 10 percent of the chord behind the elastic axls.

The figures show flutter curves calculated for the
two vialues (M =0 and W = 0.7) Tepresenting respec-
tively a low-sveed or incompressihle case and a high-
speed or compressible case. For the usizal circumstance
of low values of the frequency ratio w,/wg, the offect
of compressibllity on the flutter speed is seen to be = . .
relatively small; for the lower wing densities the ¢ffect
la a smell incrsase ‘whereas For the highest wing density-
used the effect 1s a small detrimental ons.

For the divergence speed (frequency « —30) the
formulas of the statlic case are applicabtle and the slope
~f the 1ift curve lncrsases according to the Glauert-
Prandtl rule, which ylelds the approximate formula

I A

—_ I'Z >
(1 - w2)¥ _%.T%é_
: -2-+8.

For very heavy wings (x—>0) the values of 1/k
Ffor flutter approach «3; that 157 the low frequency aor

thre static case 1s approached and the (l - Ma)l rulec

given in reference l. gaopears applicable, The empirical . _. .. __
formula. for the flutter speed of reference k' ({p. 17),

which is valid for high wing density asnd law values

of  wy/Rg, may be modified to read ST

l T

2
= (1 - ME)}J’ ra

V

g

1/2

e

+ a + Xg

Slnce. the. slops of the 1lift curve does not% increase in
accordanée with the Glauert-Prandtl formula beyond a
curtaln value of M < 1, the formula is clearly
inupplicable beyond =a certain value of M. This value
may be taken roughly to be in the order of M = Q.7

to 0.75. For M = 0.7, the formula indicates a decrease
in the flutter speed of approximately 17 percent.
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The effects of internal damping and of the modes of
vibration nave been omitted in the calculations. Inclusion
of these effects would tend to reduce further the differ-
ences between the numericsal results Tor the compresslble
and incompressible cases. This statement is borne out by
the results of reference 3 for a tapered wing.

Calculations for a wing with an saileron cannot be made
by the method of reference 1 without very extensive and =~~~
difficult computations. It may also be remarked .that the
numerical tables of refersnces 1 and 3 show the need of
additional extensions and recalculations.

CONCLUDING REMARK

The main conclusion +to be derived from study of the \x“;;.f:é

numerical flutter calculatlons is that the effect of com-
pressibllity on the flutter speed (wing bending - wing
torsion, no alleron) for subsonic speedgs with no shocks,
although complicated, is rglatively small in the usual
casas and, for a Mach number of 0.7 ¢an be allowed for
by corrections of small order to ths incompressible-case
results. ' .

Langley Memorial Aeronautical Laboratory
Natlonal Advisory Committee for Aeronautics
Langley Field, Va., December 18, 19L5
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APPENDIX
. E ;:'1“w
SYMBOLS AND NOTATION - =
b "~ half-chord ujed as reference unit length _ . -
R . . - £ .. "~ - . = i :g
& coordinate of axis of rotgtion (torsional axis) -
measured from mi dchord (reference L) R
P alr density “ )
K ratio of mass of cylinder of alr of dimmeter equal =
to chord of wing to mass of wing, both tasen i
for equal length along % this ratio muay be
expressed as & = 0.24 C 5_ where W
S n N _ ~
is welght in wnounds per foot—span, b is in
feet;—and p/Py 1is ratio of actual air density
to standsrd density at sea level
Xq _location of. center of gravity of airfoil measured -
from & (reference )
Tq radius of gyration of airfo*l referred to a - . "
(reference )
W, .. natural angular frequen03 of torsfonsal vibrations'_' -
eround & 1in vacuum e B
@y, ~—natural angular frequency of wing in bending in i
vacuun _:
v speed of forward motion . : . - .=
e speed of sound in undisturbed medium N
N . _Mach number (v/c)
Ve ~ rlutter or critical speed . oL DL Il elm
) . angular frequency of wing vibrations )
k - reduced frequency (%?

F and & 'functions of k (see references L and 5)

>\' = 2k . . . . Lo - - R e
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In each of the following formulas the incompressible-
case formula 1s listed first in the notation of references
and 5 followed by the conversion of the formula to make
use of the notaticn and numerical tables of reference 3.
{See tables I and II.)
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The functions tabulated for convenience in tables I
and IT are the primed quantities given in the following
definitionss :

] o2
- Raa ¥ Raa' + Ok - =/

A=

L

Tag = § Tac .
_ 1

Ian = % Iagn'

: _ 1

Ica = § Tea'

(]
Q
lay
|
8
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Q
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TABLE. I
THE R' ARD I' FUMCTIONS FOR M = 0

= 2x 1/x a Roa' Rgn' Raa' Hon! Iga! Ten’ Yog! Ian!
-0. -0.37500 | -0.50000 | 169.34600 1.00000 0 -0.78200
- -17.2 ~.Thh50 169.10240 1 - 26640 -.9L8Lo
10 -.E - 7.833%% :1.3}530 168.61220 2.hhé 1_°§h§2 -hgozo | -1.2faz0 1.661400
o ~8}4.18650 -1,72300 168.12300 1.Bo700 - .E%200 -1
-0. -0, 0 =0.50000 37.76600 1.00000 ] 0.56920
. -2 | -1 -7 . - -. . .
1_ o -18.72220 -.94300 3732300 _J/ ‘Ll a7920 -.72720 -1 J/
o |20 [ 308|288 | BBV e PER| Cupp| BB s
. -2 . -~ 15. . 71920 .33900 %£00 .
G A ECNE A
T {05 | -ou37500 | -o.5ooe0 [ 8.1s7s0 1 L.o0000 |0 | Lh2soo 1)
-0 1. - G B .15500 -0. O 0U0 =.12500 1.50000 . 25000
2.5 -3 | -2.68200 - 8.15000 0.175 “eBson | -l37 1.05000 1 )
i, 0 -1,..23750 -.ﬂﬁzgg 8.22500 .60300 -.%a 80000
-0, -0.37500 -0. .B8600 1.00000 0 1.&9500
- -.Bl - 28 92572 85266 -1 1.
2.0 -.E 17 EE -.582ﬁ% g Zo2le -0.3972 639 2 | -3 ?ﬁ 1.2}352 1.19580
0 -2.66730 -.30 60 50245 -.59790 -99510
r‘-,e,E -0.57500 | -0.50000 0391;“3 ] .00000 | o " 1.87820 |
- -510 =.[200 . . -.107 1.77032
1.0 -2 -5 ?3 -.26018 1.0;322 -0,79940 .55325 -.3256l 1.;; § 1.07880
a -.72ﬁ55 -.10030 1.17910 33060 -.535L0 1.55680
(. -a.z -0.5-"5?3 - -a."még 0?6,‘1’3 B fl.glwégg o i iﬁ‘gﬁ B
0.66667 o2 i - 9hh i:52179 ~0.90187 162 | -.31260 | 1.63127 _J> 1.0L4200
0 -.38 k.-.zzgoT .51217 .28857 -.52100 1.h2287
—= o = 7 e n — - —rn—n I )
0. -0.37500 | ~0.50000 -0.18580 1.00000 o l.aiju
- - -. - .81 =, 10260 1.B86570
s |¢h | B TR CHH L e (S| ) R o
0 =267 -.02335 -25535 23 -.51300 1.45530
-0. -0.37500 -0.50000 -0.29936 1.00000 0 1 379 [
- -.50L6 -. -.2051L .B1221 -.10174 1.87
o -.i T3 -.zxigg -.01271 -0.96216 o | -.30 (£ 1.67332 1.01740
0 -.alsag -.01892 .18170 .26L57 -.50070 1.k70

HATIOHAL ADVISORY
COMMITTER FOR ASRONAUTICS
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TABLE II g
THE R' AND I' FONCTIOKS FOR X = 0.7
[}
A= & 1/ [} Raa’ Ran' Rga! Ruh" Ig! Tan'! Tea' Ien' .
||'
-0. 2.00100 | -1.06200 | 201.38200 1.'53150 0. 02700 -%.96780
-. -1 97200 -1.65000 200. 2.20510 -
0.2 10 -.E 7 %7 Z3:82600 198'2%38 } 5.86300 i-?l_hg"m - 92 E 52320 } 1.9kh50
0 -L.00ko0 196.L4000 24790 -.94520 .9
-0. 0.89050 g 100 43.13200 1.63335 0.05730 ~0.83100
. - -3, 0 . 0 1. - | 2
T { | 38R | i:%_.azzau > e |CHES | R | DR L
9 -19.561850 -2.1_1500 1;_1.95000 2.48005 | -.73970 -1.
-o.a ‘{'2‘*"3’2 0332&? g ( i'“ 1, o.gaggg 0.2 7
0.6 | 3.33333 2| s | 13 17 61;711 120256 | < aledson | 503 | -.afde | o L-likeeo
0 =7.73909 | -1.41400 .l,,z 1.85713 | -.8%207 -.L7633
-0, 0.41231 | -0.8253T 9.92187 - 1.65403 0.12605 0. 72055 T
-. =921 -.8772 1.5831 -.01150
0.8 2.5 -.g -2. 15 e 11 9.2%625 0.51887 1?&5 2Btk ;og 137550
0 . 00619 -1.08475 9.66250 1.57 - 56170 03280
-0. 0.4o712 | -C.80860 6.47680 1.69760 0.17920 0.96912
. - -.1 -8 §. 6 1. . . 6
1.0 2.0 __Z* -1.2‘?133 -.B;O% 6'113% } 0.21456 1 laﬁ ‘25360“3% .5202'51‘ 1.36360.
0 ~2.37320 -.91 6.369 1.L&32 | -. 28732
-0, 0.51805 -0.56%10 1.92266 1.56510 0.539L0 0.39680 .
- 38127 -. 6 1.93160 . .85180
2.0 1.0 -.E doms | 02 1. 59 ~0.089k9 i%;%ﬁ ggh% -5610 }1'1*50‘” )
0 -.18111 -.51836 1.967 1.15950 -.185 27180
-o,.E 253 -0.39111 . 0.85,01 1.2 0.65280 1. 03115
-0 . 9 -.3736h .871L8 1.0313& 45 06 ,
5-0 0-66667 -2 ’cs,z?;g _'5537.2 .9 m } "0417,4-65 { .ngsé .1 E% 'Sﬂ 5 l.S.'.I.OG?
o -.0d2 ~.303T9 94135 “The27 = 1175 -
-o.g -o.geogg -0'23528 Q. 633 1.02 ? 185 u.ggﬁ (3;
ko | 0.5 - . 06833 -.23809 ‘25269 } -0.16302 220555 325 .50 1.85300 >
Q ~.05995 -.2054% 56550 BT | -.05 -17320 w3
-0. D.12866 | -0.145 0.32 1.00880 | 0.97hh0 0.82501 =
- . 10960 -.1 -336 . 2 [4 .6
5.0 | ol -.E ‘odd | - fig{ 5255 -0.09733 e | I8 53809 1.69640 2
0 .01389 -.0948h <3750 .53320 12 -.02519 o
et
O
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TABLE ITI
NUMERICAL RESULTS
[re2 = 0.25; xq= 0.2]

. ¥ = 0.7 =0 -
e | enfa | 9 | whee | 1Ak | Gnfeg | e | w/veg
Y a=-0.4
1.250 1.000 1.080 1.350 0.83 1.000 1.16 0.97
2.000 .E?o 256 1.572 1.63 .590 .82 1.
0.200 2.500 436 23 1.559 2.05 156 72 1.
5.335 .234 .507 1. Z% 2.62 .23 b2 1.62
3.850 k 50 1.7 2.99 .57 1.72
1.400 1.000 1.070 . 1.500 | cce= ] eec-- T -
2.000 .65% 173 1.52Z 1.79 0.653 0.86 1.54
0.100 2.500 .519 .666 1.6 2.23 519 17 1.71
333 361 Esu 1.847 2.85 .361 .67 1.90
.990 (o} 30 2.130 3.60 0 .56 2.16
1.700 1.100 1.150 1.950 1.13 1.100 1.27 1.4
2.000 .818 .901 - 1.803 1.77 .818 1.00 1.77
2.000 2.002 1.970 5.3&1 R i T .
0.050 2.500 .690 157 1.893 2.20 .690 .89 1.95
- 2.500 6.106 5.785 .62 —— | ==el- ———— | eeZ2il
3,233 Lok .627 2.091 3.11 ok 3 2.28
2.000 292 490 2. . .30 .292 .61 2.63
Ai90 0 Lo 2.630 5.4o 0 5L 2.90
2.500 0.889 0.943 2.358 2.30 0.889 1.0l 2.5%
2.500 1.29g 1.223 3,257 1.81 1.293 ;.ga 2.5
0.025 3-233 .63 -7 2.412 3.3h .63 By 2,72
288 | S | % | Lo | ke | THs | e | s
5.860 ’ 350 52120 7.8 o 51 ﬁ:oo
a = 0,2
1.030 1.000 i.050 1.080 0 1.000 1.17 0.62
2.000 N 65 1.2,3 1 23 L6 17 1.1l
0.200 2.000 3. 3.107 6.2% ——— ———— A e
. . 2.500 .269 515 1.28 1.81 269 68 1.23
2.500 L.791 L4.5L5 11.363 R ——— cmme | aacca
2.980 . 1.310 2.09 0 .61 1.28
1.350 1.000 1.030 1.390 0.6 1.000 1.21 .79
2.330 .5zh 638 1.?36 1.63 .57l 8l 1.36
2.000 z.z 5 2.251 L.501 ———— ————— ——— —————
0.100 2.500 135 595 1.487 1.99 L35 7L 148
S35 | 2255 | Cud | I | cue | am | & | Ta&
ﬁ:g 2 ¥ L1o 1.650 2.89 2 :?% 1.68
1.700 1.000 1.000 1.690 1.22 1.000 1. 1.33
z.goo 755 .828 1.297 1.67 755 .02 1.60
2.000 1.3 1.323 2.847 1.25 1.3 E 1.%& 1.79
2.500 .sgg .695 1.73 2.20 .59 .82 1.80
0.050 2.500 1. 1.637 L,.09 R mm——w | emme-
’ 3.335 .é 1 .Esg 1.8%90 2.86 431 .70 2.00
3.333 2.641 2.Lo 8.027 ceme | cmaea === | mem--
5.000 .20 423 2.115 3.63 .20 .58 2,21
5.700 0 .370 2.130 .26 o} .5l 2.29
2.500 0.838 0.8 2.18 2.27 0.838 0.97 2.20
a.goo 1.030 1.0%2 2.613 1.9 1.050 1.15 2.2,
0.025 23% | s | 134 e | 2 i L e
) 5.000 :363 ‘503 2.51 L.65 .368 .61 2.83
g.ooo 2.279 2.010 10.0 Smme | —mme- e | comma
30 0 .340 2.870 6.4,6 0 ) 3.17

NATIONAL ADVISORY
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. ) . o=
. = '_".;“.:_;
- R i = . e Sl
TABLE III - Concluded _
NUMERICAL RESULTS - Concluded =
[re2 = 0.25; x4 =0.2] i ’
M =0.7 M=0
K
1/ { wp/feoq ' W/, | v/ | 1/ [ wpfog f mﬁuai v/bt
a=0 ) A
" 1.150 1.000 1.020 1.170 0.32 1.000 1.16 0.1
B LOE | Hs ER | B B B | 3
2.000 1 &6 A 2.832 i I g il it y v
0.200 | < 2.500 .126 . 1.&2 1.45 .126 .70 1.01
2.500 1.518 1.5 3, el ———— ———— | cmmee
3,333 1.570 1.500 5,000 T mmme | mmmne
5.000 1.590 1.512 7.560 O R cmee | emmea
L 2.610. 430 1.110 1.48 0 .69 1.02
M 1.350 | 1.000 1.020 1.360 .——- ——— o ————-
1.500 800 - .850 1.270° N T — ————
2.000 212 637 1.275 1.43 0.515 0.83 1.18
SR | H ||| | o | | iE
0.100 ~ | ¢ 3!2po 1.561 1026 3.8l SO - R
%.33% 174 lzzh 1.4h1h 2.17 ATk . 1.4o .
z,33%3 1.752 1.63 3.391 T T A BT .
5.000 1.943 1.76 822 emem | meeea P et
L 3.690 .380 1.420 2.38 0 .60 1.43
2.000 0.700 0.768 1.2&6 1.68 0.700 0.90 1.5 o
2.000 1.092 1.070 2.1 1.43 1.092 1.21 1 Zz .
2.500 % .6?;2 1.605 2.13 .5 .78 1. .
2.500 1.2 1.204 3.00 2.60 1.2 1.12 2.99
0.050 ;g g X eg lgﬂ i?;% 2.74 .385 . 1.81
%.860 :i7 37 1:367 3.60 L7 55 1.96
5.000 1.757 1.5 7.879 wmem | meeae -—— —————
5.430 0 .2l0 1.870 2.91 0 .51 1.99 o
2.500 0.797 0.819 a.olzz 2.36 0.797 0.90° 2.12
2.500 .923 .906 2.2 2.31 .90 97 2.
3.533. - .5 .618 2.029 3.21 5 Né! 2
0.025 3,323 1.174 1.101 5'28@ O T i
5,000 .323 '1338 2. hdy 3z .57 2.52
5.000 1.428 1.285 6.h2l, e | eenmal mmme | mecae
7.940 ° 310 2.450 6.57 o . 2.76 %
- NATIONAL ADVISORY B ) A
COMMITTEE FOR AERONAUTICS . ) . A
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Flgure 1.- The flutter coefficilent v/‘bm& against fregquency
ratlo wy/w, for various values of k£ for M = 0O and

M = 0.7. Elastlic axis at 30 percent chord; r,2 = 0.25;
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Figure 2.- The flutter coefficient v/bw, against frequency
retioc wy/w, for various values of K for Mz 0 and
M -'-" 0.7. Elastic axis at 46 psrcez_’pt chord; ra:2 = 0.25;

a = ~0,2; X, = 0.2.
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Figure 3.,=- The flutter coefficient v/bu)a egainst frequency
ratio ""h/“’a for various values of K for M = 0 and
M = 0.,7. Elastic axis at 50 percent chord; r¢2\= 0.25;

a =20; x = 0.8, -
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Figure 4.- The flutter coefficient v/buh against frequency
. ratio wp/w, for two values of K for M = O and M = 0,7,

Elastic axis at 30 percent chord; r,2 = 0.25; a = -0.4;

~xg T 0.,




